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The main result of this paper is some new equivalent condition
for a contraction to be a direct sum of a unitary operator and a
C.0 completely nonunitary contraction (called Wold-type decom-
position). It is applied for (p, k)-quasihyponormal, k∗-paranormal,
k-paranormal and of class Q operators. This decomposition is con-
nectedwith the Putnam-Fuglede property. Additionally, we showan
example of operator of classQ withnorm1, butwithout SVEP (so not
paranormal). Finally, we remark that each k∗-paranormal operator
is (k + 1)-paranormal.
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1. Notation
Let H be a complex, separable Hilbert space. We denote by B(H) the space of bounded linear
transformations acting on H. By a contraction we mean T ∈ B(H) such that ‖Tx‖  ‖x‖ for each
x ∈ H. A contraction T is said to be completely nonunitary (abbreviated cnu) if T restricted to every
subspace of H is nonunitary. As usual, by T∗ we mean the adjoint of T . If for some contraction T the
sequence {T∗n}n∈N converges strongly to 0 (i.e. ‖T∗nx‖ → 0 for each x ∈ H), then we say that T is a
C.0 contraction. If contraction T ∈ B(H) is a direct sum of unitary and C.0 cnu contractions, then we
say that T has aWold-type decomposition.
Furthermore, a bounded operator T is called hyponormal if T∗T − TT∗ is a positive operator, (equiv-
alently ‖T∗x‖  ‖Tx‖ for all x ∈ H). Some authors (see [2]) consider also the class of p-hyponormal
operators. These are operators T for with (T∗T)p − (TT∗)p is positive. For 0 < p < 1 the class of
p-hyponormal operators is more general then the class of hyponormal operators.
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We also define (p, k)-quasihyponormal operators like in [9,10,14].
Definition 1.1. T ∈ B(H) is said to be (p, k)-quasihyponormal if
T∗k((T∗T)p − (TT∗)p)Tk  0
for a positive number 0 < p  1 and a positive integer k.
Another generalizationof hyponormal operators are the classes of k-paranormal and k∗-paranormal
operators (for k = 2 called simply paranormal and ∗-paranormal operators, respectively).
Definition 1.2. T ∈ B(H) is said to be k∗-paranormal if
‖T∗x‖k  ‖Tkx‖‖x‖k−1
for each x ∈ H.
Definition 1.3. T ∈ B(H) is said to be k-paranormal if
‖Tx‖k  ‖Tkx‖‖x‖k−1
for each x ∈ H.
Some properties of this class were studied for example in [4–7]. In this paper we concern ourselves
with a weaker condition:
Definition 1.4. Let N > 1 be an integer. T ∈ B(H) is said to be N-quasiparanormal if for each x ∈ H
there exists k ∈ {2, 3, ...,N} such that:
‖Tx‖k  ‖Tkx‖‖x‖k−1.
Definition 1.5. T ∈ B(H) is of class Q if
‖Tx‖2  ‖T
2x‖2 + ‖x‖2
2
for each x ∈ H.
The inclusion relations between the above-mentioned classes are shown below.
In this paper we will show that all of those properties imply a Wold-type decomposition. The
operator T ∈ B(H) is said to have the single-valued extension property at λ0 ∈ C (abbreviated SVEP at
λ0) if for every open disc Dλ0 centered at λ0 the only analytic function f : Dλ0 → H which satisfies
the equation (λ− T)f (λ) = 0 for all λ ∈ Dλ0 is the function f ≡ 0. A bounded operator is said to have
the SVEP if it has the SVEP at every point inC.
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2. Introduction
The first paper about this topic was written by Putnam [13], where it was shown that each hypo-
normal cnu contraction is a C.0 contraction (precisely: if a cohyponormal operator is a cnu contraction,
then it is strongly stable). Kubrusly and Vieira gave us in [12] the first elementary proof of this fact.
In the paper [2] Duggal extends this result to the classes of k-paranormal, (1, k)-quasihyponormal
and p-hyponormal contractions. Furthermore, in paper [3] Duggal showed that each contraction T has
Wold-type decomposition if and only if it has a Putnam-Fuglede commutativity property.
Later in paper [4] Duggal and Kubrusly using [8] showed some equivalent conditions for decompo-
sition into unitary, backward unilateral shift and C.0 cnu contraction. We involve this idea.
In [10] the author considers some Putnam-Fuglede properties for (p, q)-quasihyponormal opera-
tors. By [3] and our main theorem we will easily prove that any (p, q)-quasihyponormal operator has
Putnam-Fuglede property from Definition 3.1.
We also observe that k∗-paranormal operators (∗-paranormal) are (k + 1)-paranormal
(3-paranormal, resp.). This simple remark is important because some authors have considered these
definitions independently and have proved theorems for k∗-paranormal or ∗-paranormal operators
which are well-known for k-paranormal operators.
3. Main result
Definition 3.1. T is said to have the Putnam-Fuglede commutativity property (PF for short) if for any
X ∈ B(H) and any isometry J ∈ B(H) such that TX = XJ∗, there is T∗X = XJ.
Theorem 3.2. Let T be a contraction. The following conditions are equivalent:
(1) for any bounded sequence {xn}n∈N ⊂ H such that Txn+1 = xn, the sequence {‖xn‖}n∈N is constant,
(2) T has a Wold-type decomposition,
(3) T has the PF.
Proof. For the proof that (2) and (3) are equivalent, see Lemma 1 in [3].
To prove that (1) implies (2), first recall that {TnT∗n}n∈N is a decreasing sequence of positive con-
tractions. We denote by A its strong limit.
By [8] there exists an isometry V : A(H) → A(H) such that
VA
1
2 = A 12 T∗ ⇐⇒ A 12 V∗ = TA 12
and ‖A 12 Vnx‖ → ‖x‖, for x ∈ A(H).
Having fixed x ∈ A(H), we can define xn := A 12 Vnx, for n ∈ N. Then
Txn+1 = TA 12 Vn+1x = A 12 V∗VVnx = A 12 Vnx = xn,
so {xn}n satisfies the assumption of condition (1), which implies
‖A 12 x‖ = ‖x0‖ = ‖xn‖ = ‖x‖.
This means that A|A(H) = (A
1
2 |A(H))∗A
1
2 |A(H) = id |A(H), so A is a projection. Thus by [11] the contrac-
tion can be decomposed T = G⊕ S− ⊕U, where G is a C.0 cnu contraction, S− is a backward unilateral
shift and U is unitary.
It remains to check that S− = 0. Any unilateral shift is a direct sum of unilateral shifts of
multiplicity 1. Let K = {0} be a subspace ofH such that T|K = S′−, where S′− is a backward unilateral
shift of multiplicity 1. Without loss of generality, we may assume that K = ⊕n∈N C. Take then any
y = (y1, y2, y3, . . . ) ∈ K \ {0} and define xn := (yn, yn−1, . . . , y2, y1, 0, 0, 0, . . . ) for n  0.
3068 P. Pagacz / Linear Algebra and its Applications 436 (2012) 3065–3071
We obtain Txn+1 = S′−xn+1 = xn and ‖xn‖ ↗ ‖y‖. But {‖xn‖}n∈N is not constant, which contradicts
(1) and hence T = G ⊕ U.
For the proof of the converse implication, consider {xn}n∈N as in the assertion of condition (1).
By (2), assume that H = H1 ⊕ H2, where T|H1 is unitary and T|H2 is C.0. We have therefore a unique
decomposition xn = an + bn, where an ∈ H1 and bn ∈ H2. Additionally, an + bn = xn = Txn+1 =
Tan+1 + Tbn+1 and both sequences {an}n∈N and {bn}n∈N are bounded. Now for arbitrary n and k
‖bn‖2 = ‖Tkbn+k‖2  ‖T∗kTkbn+k‖‖bn+k‖ = ‖T∗kbn‖‖bn+k‖.
But the right side tends to 0 as k goes to infinity, thus bn vanishes. Hence
‖xn‖ = ‖Txn+1‖ = ‖Tan+1‖ = ‖an+1‖ = ‖xn+1‖. 
Observe that the assumption in (1) implies that the norms of the sequence in question converge:
if the sequence {xn}n∈N is bounded, then so is {‖xn‖}n∈N, and if Txn+1 = xn for every n, then‖xn‖ = ‖Txn+1‖  ‖xn+1‖. Being bounded and increasing, {‖xn‖}n∈N converges.
4. Operators with a Wold-type decomposition
Due to Theorem 3.2 we can present more general result, than in [2]:
Proposition 4.1. If a cnu contraction is (p, k)-quasihyponormal, then it is a C.0 contraction.
Proof. Let T ∈ B(H) be a (p, k)-quasihyponormal cnu contraction. Thanks to Theorem 4 from [14] it
satisfies the inequality
‖Tkx‖2  ‖Tk+1x‖‖Tk−1x‖
for all unit vectors in H. So, if we choose a bounded sequence {xn}n∈N ⊂ H such that Txn+1 = xn,
we obtain
‖xn‖2 = ‖xn+k‖2
∥∥∥∥∥Tk xn+k‖xn+k‖
∥∥∥∥∥
2
 ‖xn+k‖2
∥∥∥∥∥Tk+1 xn+k‖xn+k‖
∥∥∥∥∥
∥∥∥∥∥Tk−1 xn+k‖xn+k‖
∥∥∥∥∥
= ‖Tk+1xn+k‖‖Tk−1xn+k‖ = ‖xn−1‖‖xn+1‖ 
(‖xn−1‖ + ‖xn+1‖
2
)2
for all n  0. If we consider αn+1 := ‖xn+1‖ − ‖xn‖, then it follows that αn+1  αn. On the other
hand, αn ↗ 0 and αn  0, since {‖xn‖}n∈N increases and converges, so αn = 0 for all n and thus{‖xn‖}n∈N is constant. By Theorem 3.2 the contraction T has a Wold-type decomposition, and being
cnu it is also a C.0 contraction. 
This proof also yields:
Corollary 4.2. Each (p, k)-quasihyponormal contraction has the Putnam–Fuglede commutativity prop-
erty.
In paper [5] authors concern themselves with operators of class Q . Similarly to the above proof, we
can show that:
Proposition 4.3. Contractions of class Q have a Wold-type decomposition.
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Proof. As in theproof of Proposition4.1,wewill check condition (1) fromTheorem3.2. Take a sequence
{xn}n∈N satisfying its assumption; {‖xn‖2}n∈N is convergent and increasing.
From the definition of class Q we get:
‖xn‖2 = ‖Txn+1‖2  ‖T
2xn+1‖2 + ‖xn+1‖2
2
= ‖xn−1‖
2 + ‖xn+1‖2
2
,
so if we put αn := ‖xn+1‖2 − ‖xn‖2, then 0  αn  αn+1. Now again αn → 0, thus αn ≡ 0, and
hence T has a Wold-type decomposition. 
The class Q is significantly larger than the class of paranormal operators.
Example 4.4. Let Sw be the backward unilateral shift with weights
{λn}n∈N+ =
⎧⎨
⎩0,
√
1 − 1
3
,
√
1 − 1
4
, . . . ,
√
1 − 1
n + 1 , . . .
⎫⎬
⎭
on l2(N+), then Sw is of class Q with norm 1, but it is not paranormal, neither does it have SVEP.
Indeed, for x = (x1, x2, . . . ) we have:
‖Swx‖2 =
∞∑
i=1
λ2i |xi+1|2 and ‖S2wx‖2 =
∞∑
i=1
λ2i λ
2
i+1|xi+2|2,
hence
2‖Swx‖2 = 2
∞∑
i=1
λ2i |xi+1|2 =
∞∑
i=1
2
(
1 − 1
i + 2
)
|xi+2|2
=
∞∑
i=1
(
1 +
(
1 − 1
i + 1
)(
1 − 1
i + 2
))
|xi+2|2
=
∞∑
i=1
|xi+2|2 +
∞∑
i=1
(
1 − 1
i + 1
)(
1 − 1
i + 2
)
|xi+2|2
=
∞∑
i=1
|xi+2|2 +
∞∑
i=1
λ2i λ
2
i+1|xi+2|2  ‖S2w(x)‖2 + ‖x‖2
So Sw is of class Q .
On the other hand it is easy to check that S∗w is a Fredholm operator, so by Theorem 2.10 from [1] Sw
has the SVEP at 0 if and only if K(S∗w) is finite codimensional, where
K(T) := {x ∈ H| there exists a sequence {un}n∈N ⊂ H and δ > 0
for which x = u0, Tun+1 = un and ‖un‖  δn‖x‖ for all n = 1, 2, ...}.
Now it follows form this definition that K(S∗w) does not contain any en. So Sw does not have SVEP, but
k-paranormal operators do (see [7]), therefore Sw is not paranormal.
The class of k-paranormal operators (resp. k-*paranormal) extends the class of hyponormal opera-
tors, but there is no inclusion between different classes of k-paranormal operators (resp.
k-*paranormal). To see this let us consider unilateral shifts with weights {λn}n∈N+ .
Proposition 4.5. Let T : l2(N+)  (x1, x2, . . . ) → (0, λ1x1, λ2x2, ...) ∈ l2(N+).
Then T is k-paranormal if and only if |λn|k  |λnλn+1 . . . λn+k−1| for all n ∈ N+
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Proof. Let x = (x1, x2, . . . ) be a unit vector. Under the assumption that |λn|k  |λnλn+1 . . . λn+k−1|
we can estimate
‖Tx‖2 =
∞∑
n=1
|λnxn|2  k
√√√√ ∞∑
n=1
|λn|2k|xn|2
 k
√√√√ ∞∑
n=1
|λnλn+1 . . . λn+k−1|2|xn|2 = k
√
‖Tkx‖2
The first inequality is precisely the inequality betweenweighted arithmeticmean andweighted power
mean with weights {|xn|2}n∈N+ .
To see the converse implication put in succession x = en. 
In paper [4] authors decompose k-paranormal operator as a direct sum of a unitary operator and
a C.0 contraction. We will show some generalization of this theorem.
Proposition 4.6. Each N-quasiparanormal contraction has a Wold-type decomposition.
Proof. Wewill oncemore check condition (1) fromTheorem3.2.We can expand the sequence {xn}n∈N
in a natural way: x−n := Tnx0. We have then
‖xn‖ = ‖Txn+1‖  (‖Tknxn+1‖‖xn+1‖kn−1)
1
kn = (‖xn+1−kn‖‖xn+1‖kn−1)
1
kn .
Hence
‖xn‖  (‖xn−kn+1‖‖xn+1‖kn−1)
1
kn  ‖xn−kn+1‖ + (kn − 1)‖xn+1‖
kn
,
and therefore
‖xn‖ − ‖xn−kn+1‖  (kn − 1)(‖xn+1‖ − ‖xn‖).
Now if we put αn := ‖xn‖ − ‖xn−1‖, then
αn + αn−1 + · · · + αn−kn
kn − 1  αn+1. (*)
Again, for all n ∈ Z the relations αn  0 and αn → 0 (for n → ∞) hold and it remains to check
that all αn equal zero. If there exists i ∈ N such that αi > 0, then, using inequality (∗) N − 1 times
we get αi+1, αi+2, αi+3, . . . , αi+N−1 > 0, so there exists ε > 0 such that αi, αi+1, . . . , αi+N−1 > ε.
From that and using again (∗), we can show by induction that αn >  for all n > i, thus arriving at
contradiction. So αn = 0 for all n ∈ N and thus ‖xn‖ = ‖xn−1‖. Thanks to Theorem 3.2 the proof is
complete. 
The last proposition implies immediately the well-known (see [2,4]) result:
Corollary 4.7. Each k-paranormal contraction has a Wold-type decomposition.
Finally, let us see that:
Proposition 4.8. Each k∗-paranormal operator is (k + 1)-paranormal.
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Proof. Let T ∈ B(H) be a k∗-paranormal operator. Then
‖Tx‖2k = 〈T∗Tx, x〉k  ‖T∗Tx‖k‖x‖k  ‖Tk(Tx)‖‖Tx‖k−1‖x‖k
It yields to ‖Tx‖k+1  ‖Tk+1x‖‖x‖k . 
Now by above and Corollary 4.7 we obtain also:
Corollary 4.9. Each k∗-paranormal contraction has a Wold-type decomposition.
5. Conclusion
Propositions 4.1, 4.3, 4.6 and Corollaries 4.7, 4.9 lead us to the following:
Theorem 5.1. If a contraction is of one of the following classes
• N-quasiparanormal,
• k-paranormal,
• k-*paranormal,
• (p, k)-quasihyponormal,
• or of class Q ,
then it has a Wold-type decomposition.
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